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Weyl semimetals display unusual electronic transport properties when placed under magnetic
fields. Here, we investigate how magnetic fields alter the dynamics of long wavelength lattice vi-
brations in these materials. To that end, we develop a theory for the phonon dispersion, which
incorporates contributions from chiral and nonchiral Landau levels, electron-phonon interactions,
electron-electron interactions, and disorder. We predict (i) a magnetic-field-induced hybridization
between optical phonons and plasmons, (ii) avoided crossings between pseudoscalar optical phonons
and electronic excitations originating from nonchiral Landau levels, (iii) a sharp dependence of the
sound velocity on the relative angle between the sound propagation and the magnetic field. We
compare our results to recent theoretical studies on the signatures of the chiral anomaly in phonon
dynamics.
PACS numbers:
I. INTRODUCTION
Weyl semimetals (WSM) are three dimensional crys-
tals whose low-energy excitations consist of topologically
protected Weyl fermions.1 In recent years, these mate-
rials have attracted a considerable interest due to their
unusual electronic properties that are connected to con-
cepts of particle physics and topology. The existence of
Fermi arcs at the surface of the sample is one example of
what makes WSM special. Another characteristic effect,
of particular interest in this paper, is the chiral anomaly.2
Numerous theoretical and experimental papers (see e.g.
Refs. [3–15]) have been devoted to understand and con-
firm these peculiar electronic phenomena in WSM.
More recently, there have been attempts at finding
interesting nonelectronic phenomena in WSM. Less de-
veloped than the study of electronic properties, this line
of research may nevertheless be useful in order to under-
stand the wider implications of Weyl fermions in physi-
cal observables. Thus, various authors have studied the
phonon Hall viscosity,16,17 sound attenuation,18,19 and
the dispersion of optical phonons20,21 in WSM.
The present work is motivated mainly by the results of
Refs. [20,21]. These papers predicted a new signature of
the chiral anomaly in lattice dynamics, in the form of a
magnetic-field-induced effective charge for pseudoscalar
phonons. This signature does not suffer from current
jetting effects that add difficulty to the interpretation of
electronic transport measurements of the chiral anomaly.
By definition, pseudoscalar phonons create deformation
potentials of equal magnitude and opposite sign for Weyl
nodes of opposite chirality. Also, the effective charge of
a phonon mode is defined as the electric dipole moment
per unit cell caused by the lattice vibration. Accord-
ing to Refs. [20,21], a pseudoscalar optical phonon that
is infrared inactive (i.e. without an effective charge) at
a vanishing magnetic field becomes infrared active in a
magnetic field. For the same reason, this pseudoscalar
phonon can hybridize with electronic collective excita-
tions, giving raise to a polariton-like avoided crossing in
its dispersion. These effects can be attributed to the chi-
ral anomaly.
The analysis in Ref. [20] was largely phenomenologi-
cal, without a microscopic calculation of response func-
tions. In Ref. [21], a microscopic theory was devel-
oped perturbatively (to first order) in the external mag-
netic field, and at negligible chemical potential, temper-
ature and disorder. However, because of the linear re-
sponse approximation, the hybridization gap for the op-
tical phonon could not be reliably estimated at strong
magnetic fields. Likewise, within the linear response ap-
proximation, the effect of the magnetic field in the elec-
tronic screening was ignored. This gave rise to a non-
plasmonic pseudoscalar boson that hybridized with the
optical phonon. But such result is no longer reliable at
strong fields, which strongly modify the dielectric func-
tion. In view of these limitations, it is desirable to extend
Refs. [20,21] by developing a microscopic theory for the
phonon dispersion in WSM, which will be non pertur-
bative in the magnetic field and will include the effects
of finite chemical potential, temperature and disorder.
That is the objective of the present paper.
We begin in Sec. II with a general formalism that de-
scribes the impact of Weyl fermions in the phonon disper-
sion. The formalism, applicable to an arbitrary strength
and direction of the magnetic field, is based on a func-
tional integral approach. In this approach, Weyl fermions
are integrated out in order to obtain an effective action
for the phonons. The procedure being standard but te-
dious, the details of the calculation are relegated to the
Appendices. For simplicity, we limit our discussion to
pseudoscalar and scalar phonons (the latter generate de-
formation potentials that are equal in magnitude and sign
for Weyl nodes of opposite chirality).
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2In Sec. III, we apply the formalism from Sec. II to
analyze the dispersion of optical phonons. The main pre-
diction from this section is an avoided crossing between
the plasmon and the optical phonon. The hybridiza-
tion can be controlled by the strength and direction of
the magnetic field. Though this result is in qualita-
tive agreement with the results from Refs. [20,21], the
novelty here is that the avoided crossing can also take
place for scalar phonons. We estimate the hybridization
gap and find it to be small but potentially observable
in high precision experiments and at strong magnetic
fields. In the quantum limit, the gap scales as the square
root of the magnetic field, which is in apparent disagree-
ment with the result from Ref. [20]. Similarly, we cor-
rect two inaccurate statements made in Ref. [21]: (i) all
phonons (rather than just A1 phonons) are able to scat-
ter Weyl fermions in the long-wavelength limit; (ii) the
pseudoscalar electron-phonon coupling can be nonzero
even in crystals that possess mirror symmetries.
In Sec. IV, we apply the formalism from Sec. II to
the study of acoustic phonons in a piezoelectric WSM.
We show that the contribution from chiral Landau levels
to the group velocity of acoustic waves is sharply depen-
dent on the relative angle between the magnetic field and
the direction of sound propagation. Also, an increase in
the magnetic field strength results in a decrease of the
sound velocity. This effect has the same origin as the
well-known negative magnetoresistance,3,18 which is in
turn related to the chiral anomaly. At moderate mag-
netic fields, our theory predicts quantum oscillations in
the sound velocity.
Section V summarizes the main results and the subse-
quent Appendices collect the technical details supporting
the main results.
II. PHONON DISPERSION IN A MAGNETIC
FIELD
The objective of this section is to set the formalism for
the phonon dispersion in a WSM placed under a magnetic
field. We begin with a low-energy effective Hamiltonian
of two Weyl nodes in an external magnetic field,
H(0)el =
∫
d3r Ψˆ†(r) [b0τz + vF τzσ · (p− eA)] Ψˆ(r), (1)
where p is the momentum operator, A is the electromag-
netic vector potential, vF is the Fermi velocity, and b0 is
half of the energy difference between the two Weyl nodes.
In addition, τ and σ are vectors of Pauli matrices, with τz
labelling the opposite chiralities of the two nodes and σz
denoting the two degenerate states at each Weyl node.
Also, Ψˆ(r) is a four-component spinor whose elements
Ψˆστ (r) are operators that annihilate a Weyl fermion at
position r and node τ in a state σ (σ = ± and τ = ± are
the eigenvalues of σz and τz, respectively).
In the presence of a static and uniform external mag-
netic field Bzˆ, the electronic structure corresponding to
Eq. (1) consists of Landau levels (LLs) that disperse
along the direction of the magnetic field. The energy
bands are22
Enkzτ = b0τ + sgn(n)τ~vF
√
k2z + 2|n|/`2B (for n 6= 0)
E0kzτ = b0τ − τ~vF kz (for n = 0), (2)
where n ∈ Z is the LL index and lB = [~/(eB)]1/2 is the
magnetic length. The corresponding eigenstates will be
denoted as |nkzτ〉 (for brevity we omit the labels for the
centers of the cyclotron orbits, which will be incorpo-
rated below through a macroscopic degeneracy factor).
The two n = 0 LLs are chiral, in the sense that their
group velocities are determined by the chirality and have
a fixed sign regardless of kz. In contrast, the n 6= 0 LLs
are nonchiral (their group velocities change sign when kz
changes sign). The chiral LLs are responsible for the chi-
ral anomaly in WSM; one of the main objectives below
will be to analyze their impact on the phonon dispersion.
Phonon properties are sensitive to magnetic fields
mostly due to electron-phonon interactions. In this work,
we will concentrate on long wavelength phonons, whose
wave vectors are smaller than the separation between
Weyl nodes in momentum space at zero magnetic field.23
The coupling of these phonons to Weyl fermions is there-
fore diagonal in the node index τ , though the magnitude
of the coupling can be different for τ = + and τ = −. If
the momentum at which a Weyl node is located contains
no symmetry (i.e., if the little group therein contains only
the identity), then all phonon modes are able to induce
electron scattering in its vicinity. This statement, justi-
fied in Appendix A, corrects an erroneous claim made in
Ref. [21]. Some of the long-wavelength phonons can in
addition scatter a Weyl fermion from one value of σ to an-
other. However, for the sake of brevity we will hereafter
focus on electron-phonon couplings that are diagonal in
σ and have the same magnitude for σ = ±. In sum, the
electron-phonon interaction we work with can be written
as
Hel−ph =
∫
d3r Ψˆ†(r) [φ0(r, t) + τzφz(r, t)] Ψˆ(r), (3)
where φ0(r, t) and φz(r, t) are the scalar and pseudoscalar
deformation potentials (see Ref. [21] and Appendix A).
The scalar deformation potential induces a global shift
in energy for the two Weyl nodes, while the pseudoscalar
deformation potential induces a relative shift in energy
between them. In other words, a scalar (pseudoscalar)
phonon couples with the same magnitude and same (op-
posite) sign to Weyl nodes of opposite chirality.
Such deformation potentials may be related to the
normal mode coordinate vqλ(t) of the lattice vibrations
via
φ0(z)(r, t) =
∑
qλ
eiq·rgλ0(z)(q)vqλ(t), (4)
where q is the phonon momentum and gλ0(z) is the
electron-phonon coupling for a scalar (pseudoscalar)
3phonon mode labeled as λ. The sum over q has an ul-
traviolet cutoff, so that φ0(z) varies slowly with r. In
our convention, g scales as 1/
√
N , where N is the num-
ber of unit cells in the crystal (see Ref. [21] and Ap-
pendix A). From the reality of lattice displacements,
gλ0(z)(q) = [gλ0(z)(−q)]∗ and vqλ = v∗−qλ. For optical
phonons, gz and g0 remain finite in the q → 0 limit,
while they vanish for acoustic phonons. For simplicity,
from now on we concentrate on a single phonon mode
and drop the label λ from v and g.
From a symmetry point of view, long-wavelength
scalar phonons are present in all crystals; they are the
so-called A1 phonons, whose polarization vectors re-
main invariant under all operations of the crystal’s point
group. Pseudoscalar phonons likewise exist in all crys-
tal point groups, though they do not necessarily occur in
all crystals.20 For example, in crystals belonging to the
C4v point group, A2 phonons are pseudoscalar; yet, TaAs
(whose point group is C4v) does not have A2 phonons.24
A complete list of pseudoscalar phonons in different crys-
talline point groups can be found in Ref. [25]. In addition,
it has very recently been predicted that magnetic fields
might induce significant pseudoscalar electron-phonon in-
teractions in crystals that would otherwise lack pseu-
doscalar phonons.26
In crystals containing mirror planes, q ' 0 pseu-
doscalar phonons are invariant under all point group op-
erations except those involving mirror reflections, under
which they are odd (hence the name of pseudoscalar). As
we show in Appendix A (see also Ref. [20] for an alter-
native proof), these modes couple to electrons via g0 = 0
and gz 6= 0. Constrastingly, q ' 0 scalar phonons are in-
variant under mirrors and couple to electrons with g0 6= 0
and gz = 0. These statements correct a mistake made in
Ref. [21], which erred by claiming that gz 6= 0 is possible
only in crystals lacking mirror planes (i.e., in enantiomor-
phic crystals). As it turns out, in enantiomorphic crystals
there is no distinction between scalar and pseudoscalar
phonons; A1 phonons couple to electrons with g0 6= 0 and
gz 6= 0 in this case. In Eq. (1), the breaking of mirror
symmetries is modeled by b0 6= 0. Most of the numerical
results shown below will be obtained for b0 = 0, which
implies that gz = 0 (g0 = 0) for scalar (pseudoscalar)
phonons.
Besides the electron-phonon interaction, another im-
portant ingredient for the phonon dispersion is the
Coulomb interaction between Weyl fermions. This in-
teraction, responsible for the screening of the electron-
phonon interaction, can be modeled from the Hamilto-
nian
Hel−el =
∫
d3r d3r′ V (r− r′) : ρ(r)ρ(r′) :, (5)
where ρ(r) = Ψˆ†(r)Ψ(r) is the electronic density op-
erator, the colon stands for normal ordering, V (r) =
e2/(4piε∞r), and ε∞ is a phenomenological parameter
capturing the screening due to high-energy (non-Weyl)
fermions.
Combining Eqs. (1), (3) and (5), one can calculate the
phonon dispersion in a WSM. We carry out this calcula-
tion using a functional integral formalism; the procedure
is standard and the details are shown in Appendix A. One
of the central quantities in the theory is the electronic
Green’s function matrix G0(x, x′) obtained from Eq. (1),
where x = (r, t) and t is the time coordinate. This ob-
ject can be factorized27 as G0(x, x′) = Φ(x, x′)G0(x−x′),
where G0 is the translationally invariant part of G0 and
Φ is a phase factor obeying Φ(x, x′)Φ(x′, x) = 1.
The outcome of the aforementioned calculation is the
following equation for the phonon frequency ω as a func-
tion of the phonon momentum q:
ω2 = ω2ph,q +
V
Mε(q)
{(
|g0(q)|2 + |gz(q)|2
)
ΠRV (q) + 2Re [g0(q)gz(−q)] ΠRA(q)− V (q)
[
ΠRV (q)2 −ΠRA(q)2
] |gz(q)|2},
(6)
where q = (q, ω), V is the sample volume, ωph,q is the
bare phonon frequency, ΠRV and ΠRA are retarded den-
sity response functions (more on these below), ε(q) =
1 − V (q)ΠRV (q) is the dielectric function, and V (q) =
e2/(ε∞q2). Equation (6) is a central result of this paper.
To be precise, Eq. (6) applies only to non-polar phonons
whose effective charge vanishes in the absence of electron-
phonon interactions. In Appendix A, we derive a gener-
alized version of Eq. (6) for polar optical phonons. For
gz = 0, Eq. (6) reduces to the usual expression found in
textbooks;28 the terms involving gz will nevertheless play
an important role in Sec. III.
The solutions ω(q) of Eq. (6) are complex. The real
part of a solution describes the phonon frequency as a
function of the phonon momentum, while the imaginary
part captures the phonon linewidth. The origin of the
phonon linewidth resides partly in the electron-phonon
interaction, through the imaginary part of ΠRV (A). Other
sources for the phonon linewidth are the lattice anhar-
monicities or simply the limited precision of the measure-
ment instrument. These extra sources will be taken into
account with a phenomenological parameter η, by replac-
ing ω → ω+ iη in the left hand side of Eq. (6). Assuming
that η is small, its contribution to the real part of the
4phonon frequency will be neglected.
The functions ΠRV and ΠRA describe the response of the
electron density to a scalar and pseudoscalar potential,
respectively. They can be obtained from their imaginary-
time counterparts,
ΠV (q, iω) =
T
V
∑
k,iνn
tr [G0(k, iνn)G0(k+ q, iνn + iω)]
ΠA(q, iω) =
T
V
∑
k,iνn
tr [τzG0(k, iνn)G0(k+ q, iνn + iω)] ,
(7)
via analytical continuation (iω → ω+i0+). Here, T is the
temperature, ν is a fermionic Matsubara frequency and
G0(k, iν) is the Fourier transform of the translationally
invariant part of the Green’s function G0(x). A trace is
taken over the σ and τ degrees of freedom. As shown in
Appendix B, Eq. (7) can be recasted into the form
ΠV (q, iω) =
1
4pi2l2B
∑
nn′
∫
dkz
∑
τ
|〈nkzτ |eiq·r|n′kz + qzτ〉|2 f(Enkzτ )− f(En
′kz+qzτ )
Enkzτ − En′kz+qzτ + iω
ΠA(q, iω) =
1
4pi2l2B
∑
nn′
∫
dkz
∑
τ
τ |〈nkzτ |eiq·r|n′kz + qzτ〉|2 f(Enkzτ )− f(En
′kz+qzτ )
Enkzτ − En′kz+qzτ + iω
, (8)
where f(x) is the Fermi-Dirac distribution with a chemical potential µ and q = (q⊥, qz). The sum over the centers
of cyclotron orbits is responsible for the prefactor 1/l2B . Also,
〈nkzτ |eiq·r|n′kz + qzτ〉 =
√
nmin!
nmax!
e−q
2
⊥l
2
B/4
(
lB√
2
(iqx + qy)
)nmax−nmin
Lnmax−nminnmin (q
2
⊥l
2
B/2), (9)
where Lαβ(x) is the Laguerre polynomial (see Appendix B), nmax = max(|n|, |n′|) and nmin = min(|n|, |n′|). When
q⊥ = 0, 〈nkzτ |eiq·r|n′kz + qzτ〉 = δ|n|,|n′|.
The sum over Landau levels in Eq. (8) can be separated
into intraband (n′ = n) and interband (n′ 6= n) parts;
we use this nomenclature repeatedly in the following sec-
tions. Appendix B manipulates Eq. (8) further in order
to reach expressions that are more convenient for numer-
ical calculations.
When b0 = 0, the perturbative expansion of ΠA in
powers of the magnetic field gives the well-known VVA
triangle diagram to leading (first) order in the magnetic
field.29 This diagram, containing two vector (V) vertices
and one axial (A) vertex, describes the axial current in-
duced by collinear electric and magnetic fields and is
therefore responsible for the chiral anomaly. In contrast,
at b0 = 0, the leading terms in the expansion of ΠV are
a bubble diagram with two vector vertices and a trian-
gle diagram with three vector vertices, none of which are
anomalous. Because ΠA appears in Eq. (6) only when
gz 6= 0, smoking gun signatures of the chiral anomaly
at b0 = 0 occur only for pseudoscalar phonons. As we
discuss below, the characteristic signature of the chiral
anomaly will be a magnetic-field-induced hybridization
between a pseudoscalar optical phonon and the plasmon
at zero momentum. When b0 6= 0, it turns out that the
perturbative expansion of ΠV in powers of the magnetic
field contains the same anomalous term as ΠA (see Sec-
tion 3 of Appendix B). At any rate, when b0 6= 0, the
same phonon mode will couple to electrons via g0 6= 0
and gz 6= 0.
From a physical point of view, ΠV and ΠA are related
to the effective phonon charge induced dynamically by
Weyl fermions. The effective charge for a phonon mode
λ of momentum q is proportional to ∂P/∂vqλ, where P is
the electric polarization per unit cell.30 In insulating crys-
tals, the phonon modes with a nonzero effective charge
absorb infrared light via the P ·Eem coupling, where Eem
is the electric field from the electromagnetic wave. On
the other hand, phonon modes with a vanishing effec-
tive charge are infrared inactive. In conducting systems,
itinerant charge fluctuations couple to lattice vibrations
via the electron-phonon coupling, endowing them with
an electric polarization. As shown in Appendix A, this
results in an additional effective phonon charge Qel that
obeys the relation
Qel(q) · q = i eV√
N
[
ΠRV (q)g0(q) + ΠRA(q)gz(q)
]
. (10)
The proportionality factor V/√N appears from particu-
lar conventions employed for e.g. Fourier transforms, and
ensures that Qel is an intensive quantity. The first and
second terms on the right hand side of Eq. (10) capture
the Weyl fermion contribution to the effective charge of
5scalar and pseudoscalar phonons, respectively. Although
it is often stated that itinerant electrons screen preex-
isting effective phonon charges, it is less recognized that
itinerant electrons can at the same time produce phonon
effective charges that would be absent in the insulating
phase. This idea, which is not unique to WSM, will be
pertinent in Sec. III.
Up until now, we have ignored the presence of disor-
der. Equation (6) remains formally valid in a disordered
system (provided one uses disorder-averaged Green’s
functions and neglects impurity vertex corrections), but
Eqs. (7) and (8) do not. The use of Eqs. (7) and (8) can
still be justified for optical phonons, by assuming that the
phonon frequency exceeds the scattering rate off impuri-
ties. In contrast, Eqs. (7) and (8) need to be modified for
long wavelength acoustic phonons, whose frequencies can
easily be small compared to the impurity scattering rate.
Below, we will neglect disorder when discussing optical
phonons, but not when discussing acoustic phonons.
III. OPTICAL PHONONS
In this section, we investigate the optical phonon dis-
persion in the strong and intermediate magnetic field
regimes. In order to better highlight the contribution
from the chiral anomaly, we will often compare results
between purely scalar and purely pseudoscalar phonons.
As mentioned above, this distinction is well justified at
b0 = 0.
A. Quantum limit
In the quantum limit,31 the magnetic field B is suf-
ficiently strong that the energy separation between the
chiral LLs and their closest nonchiral LLs exceeds µ. Ac-
cordingly, µ intersects only the chiral LLs. This situation
corresponds to B > BQL, where
BQL ≡ max
{
(µ+ b0)2
2v2F e~
,
(µ− b0)2
2v2F e~
}
. (11)
For |µ±b0| ' 20meV and vF = 2×105m/s,32 BQL ' 10T
is a readily attainable field.
Deep enough into the quantum limit, the electronic
response functions from Eq. (8) can be approximated by
keeping solely the chiral LL contribution (n = n′ = 0).
The result reads
ΠRV (q) '
`−2B
2pi2~vF
v2F q
2
z
ω2 − v2F q2z + i0+
e−q
2
⊥`
2
B/2 (12)
ΠRA (q) '
`−2B
2pi2~vF
vF qzω
ω2 − v2F q2z + i0+
e−q
2
⊥`
2
B/2. (13)
Unless the phonon momentum is nearly perpendicular
to the magnetic field, Eqs. (12) and (13) are valid pro-
vided that ω0lB/vF < 1 and q2l2B  1. When q ⊥ B,
the chiral contributions to ΠV and ΠA vanish at any fi-
nite ω, whereas the interband contributions involving the
nonchiral LLs remain finite. However, being weakly de-
pendent on ω in the strong field regime, the latter are
unlikely to change our results appreciably.
In the quantum limit, ΠRV and ΠRA are independent
of µ and b0. Even though both response functions di-
verge at ω = vF qz, a careful inspection evidences that
the right hand side of Eq. (6) remains finite at ω = vF qz.
Therefore, there will not be a pole of the phonon spec-
tral function for ω ' vF qz. In contrast, the right hand
side of Eq. (6) diverges for the zeros of ε(q); this implies
the appearance of plasmon poles in the phonon spectral
function.
Another observation from Eqs. (12) and (13) is that
ΠRV /ΠRA = vF qz/ω. This relation, taken together with
Eq. (10), has a significant physical consequence: in a
strong magnetic field, Weyl fermions imprint a nonzero
effective charge on q = 0 pseudoscalar optical phonons,
but not on q = 0 scalar phonons. Specifically, the in-
duced charge at q ' 0 reads
Qel(ω) ' i e
2
pih
Dza
2
~ω
B, (14)
where Dz is the optical deformation potential (in units
of energy) produced by the pseudoscalar phonon and a
is the typical linear dimension of a unit cell. In the
derivation of Eq. (14), we have used the long wave-
length approximation |gz(q)|2V/M = D2z/(ρa2), where
ρ = NM/V is the mass density of the crystal. It is inter-
esting that Qel is directed along the magnetic field, that
it is proportional to the quantum of conductance e2/h,
and inversely proportional to the frequency of the lattice
vibration. Although group theory can by itself predict an
effective pseudoscalar phonon charge that is parallel to
the magnetic field (regardless of whether the electronic
structure hosts Weyl nodes or not), Eq. (14) provides a
microscopic theory for this effect in WSM and links it to
the chiral anomaly. This finding confirms and general-
izes the main result from Ref. [21], where we predicted a
magnetic-field-induced infrared activity as a signature of
the chiral anomaly, to the strong magnetic field regime.
Roughly, the induced charge scales as eDz/(~ω)Φ/Φ0,
where Φ is the magnetic flux traversing a cross section
of the unit cell and Φ0 = h/e is the quantum of flux.
For typical parameter values (Dz = 10eV, ~ω = 10meV,
a = 5Å), the induced charge reaches 0.2e (in absolute
value) at a field of 10 T.
Inserting Eqs. (12) and (13) in Eq. (6), we obtain
the dispersions for purely scalar (“sc”) and purely pseu-
doscalar (“ax”) phonons:
6ω2sc,±(q) =
1
2
{
ω2ph,q + ω2pl,q ±
[(
ω2ph,q − ω2pl,q
)2 + 2
pi2
ω2pl,q
|g0(q)|2
~vF l2B
e−q
2
⊥l
2
B/2
1 + 2pi
α
q2l2
B
e−q
2
⊥l
2
B
/2
] 1
2
}
ω2ax,±(q) =
1
2
{
ω2ph,q + ω2pl,q ±
[(
ω2ph,q − ω2pl,q
)2 + 2
pi2
ω2pl,q
|gz(q)|2
~vF l2B
e−q
2
⊥l
2
B/2
] 1
2
}
, (15)
where ωph,q ' ω0 is a constant in the long wavelength
regime of interest,
ωpl,q = vF qz
√
1 + 2
pi
α
q2l2B
e−q
2
⊥l
2
B
/2 (16)
is the bare plasmon frequency at momentum q satisfying
Re ε(q, ωpl,q) = 0, and
α = e
2
4piε∞~vF
(17)
is the effective fine structure constant in the WSM. The
plasmon frequency grows monotonically with |q| (pro-
vided that α < pi, which is expected for most WSM) and
B.
In Eq. (15), we have restricted ourselves to the real
part of the frequency. In fact, the contributions from
ΠV and ΠA to the phonon linewidth are proportional
to δ
(
ω2 − v2F q2z
)
, and hence vanish everywhere along the
dispersions in Eq. (15). Anharmonic phonon effects and
the finite instrument resolution, captured by the param-
eter η, will be incorporated in the numerical results dis-
played below.
In the absence of electron-phonon interactions, the
solutions of Eq. (15) tend to ω0 and ωpl,q, which cor-
respond to decoupled optical phonons and plasmons.
Electron-phonon interactions hybridize the plasmon and
the optical phonon. This hybridization, which can be at-
tributed to an effective phonon charge induced by Weyl
fermions, becomes notable when the resonance condition
ωph,q = ωpl,q is satisfied. Far from resonance, the solu-
tions in Eq. (15) are ω0 and ωpl,q, with small corrections
of second order in the electron-phonon coupling. At res-
onance, the phonon and the plasmon couple strongly and
an avoided crossing (or “anticrossing”) emerges between
the two dispersion branches. Even though there exists
an extensive literature on the plasmon-phonon hybridiza-
tion in polar semiconductors, both in the absence and in
the presence of magnetic fields,28,33–35 in WSM the hy-
bridization at long wavelengths is induced by magnetic
fields even when the material is intrinsically nonpolar.
As we elaborate below, the hybridization gap in this case
is about an order of magnitude smaller than in polar
semiconductors like GaAs, though it may reach observ-
ability at high magnetic fields. Another peculiar feature
of Eq. (15) is that the plasmon-phonon hybridization is
turned off at q = 0 for scalar phonons, but not for the
pseudoscalar phonons.
Figure 1 displays ωsc and ωax for q||B. The panel on
top shows the phonon and plasmon dispersions for a fixed
magnetic field: the plasmon-phonon anticrossing occurs
both for pseudoscalar and scalar phonons. The panel at
the bottom shows the phonon and plasmon frequencies
at zero momentum as a function of the magnetic field
strength: in this case, there exists a phonon-plasmon hy-
bridization gap only for pseudoscalar phonons. This is a
signature of the VVA diagram and the chiral anomaly.
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Figure 1: Coupled phonon and plasmon dispersion relation
in the quantum limit, obtained from Eq. (15). The solid
(dashed) lines correspond to the case of pseudoscalar (scalar)
phonons, whose deformation potentials are assumed to be
equal for illustrative purpose. (Top) Dispersion as a func-
tion of the momentum, for a fixed magnetic field of B = 7T.
(Bottom) Dispersion as a function of the magnetic field, for a
(small) fixed momentum ~vF |q| = 0.1meV. The parameters
common to both panels are: θ = 0 for the angle between the
magnetic field and the phonon momentum, ~ω0 = 10meV for
the bare optical phonon energy, D0(z) = 10eV for the scalar
and pseudoscalar deformation potentials, a = 4Å for the lat-
tice constant, ρ = 104kg/m3 for the mass density, ε∞ = 30ε0
for the permittivity from high-energy electronic bands, and
vF = 2× 105m/s for the Fermi velocity.
7For the remainder of this subsection, we discuss the
avoided crossing more quantitatively. We begin by es-
tablishing the conditions under which it takes place, and
follow by estimating its magnitude.
As mentioned above, the anticrossing occurs when
ω0 = ωpl,q, i.e. when
v2F cos2 θ
(
q2 + 2αeB
pi~
e−q
2 sin2 θ l2B/2
)
= ω20 , (18)
where θ = cos−1(qz/|q|) is the angle between the mag-
netic field and the phonon momentum. For simplicity,
hereafter we approximate exp(−q2 sin2 θ l2B/2) ' 1. This
is justified in the regime of strong magnetic fields and
long wavelength, regardless of the value of θ.
For a fixed momentum q, Eq. (18) gives the value of
the magnetic field at which the avoided crossing takes
place. Conversely, given B and θ, Eq. (18) determines
the value of |q| at which the avoided crossing takes place.
Clearly, as q becomes misaligned withB, a stronger mag-
netic field is required in order to attain resonance. In
the limit of q ⊥ B (i.e. cos θ = 0), the necessary mag-
netic field tends to infinity, i.e. the avoided crossing is no
longer possible. This is due to the fact that the plasmon
frequency in Eq. (16) vanishes when cos θ → 0.
Equation (18) imposes a maximum value of the mag-
netic field Bmax for which the anticrossing condition can
be achieved:
Bmax =
pi
2α
~
e
ω20
v2F cos2θ
. (19)
This is the field required to bring the plasmon and the
phonon into resonance at |q| ' 0. If B > Bmax, the plas-
mon frequency exceeds the phonon frequency for all mo-
menta, hence preventing a plasmon-phonon resonance.
For vF = 2 × 105m/s, ε∞ = 40ε0 and ~ω0 = 15meV, we
have Bmax[T ] ' 50/ cos2θ, which can be made as large
as desired by an appropriate choice of θ.
On a related note, the magnetic field appearing
in Eq. (18) needs to be larger than BQL; otherwise,
Eqs. (15) and (16) would not be valid to begin with. As
we shall see in Sec. III B, avoided crossings can also take
place away from the quantum limit (B < BQL). Yet, in
that case, the contributions from the nonchiral LL to ΠV
and ΠA can no longer be ignored.
Having listed the conditions for the avoided crossing,
we now estimate its magnitude from Eq. (15) by evaluat-
ing the hybridization gap ∆ω ≡ ω+ − ω− at ω0 = ωpl,q,
both for scalar and pseudoscalar phonons. We get
~∆ωsc ' D0
pia
√
eB
2ρvF
(
1− B
Bmax
)
~∆ωax ' Dz
pia
√
eB
2ρvF
, (20)
where B satisfies Eq. (18) and D0 is the optical deforma-
tion potential produced by the scalar phonon (Dz, a and
Figure 2: Optical phonon spectral function evaluated from
Eq. (21) as a function of the magnetic field, in the quantum
limit. The right panel zooms in on the anticrossing region
of the left panel. The parameters chosen are cos θ = 0.8,
~vF |q| = 8meV and η = 0.1meV. The numerical values of the
remaining parameters coincide with those of Fig. 1.
ρ have been defined below Eq. (14)). In the derivation of
Eq. (20), we have once again used the long wavelength ap-
proximation |g0(z)(q)|2V/M = D20(z)/(ρa2), with a single
lattice constant. The fact that ∆ω scales linearly with
|g0| or |gz| evidences the non-perturbative effect of the
electron-phonon interaction when the bare plasmon and
phonon come into resonance.
Equation (20) states that, for a given deformation po-
tential (D0 = Dz), ∆ωax > ∆ωsc. This is particularly
true when q→ 0, for which Eq. (18) dictates B → Bmax
and thus ∆ωsc → 0. In contrast, ∆ωax 6= 0 at q→ 0. As
mentioned above, this difference in behavior originates
from the electronically induced phonon effective charge
at q = 0 (cf. Eq. (14)), which is nonzero (zero) for
pseudoscalar (scalar) phonons. At any rate, the q → 0
avoided crossing can be realized only in WSM with size-
able electron-electron interactions. In the noninteracting
limit (α→ 0), Bmax becomes unattainably large. In this
limit, the plasmon dispersion merges with the pole of
ΠA, the avoided crossing in the phonon dispersion takes
place only at |q| = ω0/(vF cos θ), and ∆ωax = ∆ωsc (for
D0 = Dz).
One strategy to experimentally observe the plasmon-
phonon anticrossing is to measure the frequency of a
phonon as a function of the magnetic field, at fixed
phonon momentum. Let us denote as B∗ the maximum
magnetic field attainable in the laboratory, and let us
suppose that BQL < B∗ < Bmax/2. Then, it is advan-
tageous to fix the phonon momentum to the value that
satisfies Eq. (18) with B . B∗; this choice will lead to
the maximal hybridization gap (given by Eq. (20) with
B replaced by B∗). The outcome of the measurement
should resemble Fig. 2. This figure displays the phonon
spectral function, given by the imaginary part of
D(q, ω) = 2ωq(ω + iη)2 −R(q, ω) , (21)
where R(q, ω) equals the right hand side of Eq. (6).
In order to make the avoided crossing observable, it is
necessary that ∆ω > η, where η is determined by anhar-
8monic phonon effects and the finite spectral resolution
of the experiment (we recall that the imaginary parts
of the retarded response functions practically vanish in
the quantum limit). A common lower bound for ~η is
' 0.1meV (spectral resolution of ' 1cm−1), which can
be realized at low temperatures and with high precision
probes (e.g. Raman spectroscopy). For typical material
parameters (ρ = 104kg/m3, a = 5A˚, vF = 2 × 105m/s,
and D = 5eV), we get ~∆ω ' 30√B∗[T]µeV. This value
is independent of the strength of electron-electron in-
teractions. Thus, fields of about 10T are required just
to match the gap with the limit of experimental res-
olution. The situation becomes more favorable if the
WSM contains NW > 1 pairs of degenerate Weyl nodes,
in which case ~∆ω ' 30√NWB∗[T]µeV. Incidentally,
when NW > 1, Eqs. (18) and (19) must be modified via
B → NWB.
The preceding estimates show that the magnetic-field-
induced plasmon-phonon hybridization may be observ-
able in high precision measurements conducted at low
temperature and high magnetic fields. At any rate, given
the sensitivity of our estimates to the unit cell dimen-
sions, the Fermi velocity, and the deformation potential,
it would be highly desirable to determine them for real
WSM from first-principles electronic structure calcula-
tions.
B. Intermediate magnetic fields
In moderately doped WSM (or, alternatively, in WSM
where the nodes of opposite chirality are located at
largely different energies), the highest attainable mag-
netic fields may not suffice to reach the quantum limit.
For instance, BQL ' 50T for |µ ± b0| ' 50meV. In this
subsection, we will determine the optical phonon disper-
sion when B . BQL (“intermediate” field regime), where
the Fermi level intersects a few nonchiral LLs in addition
to the chiral LLs.36
Equation (6) is valid for any magnetic field. However,
Eqs. (12) and (13) no longer hold at B < BQL, because
the contribution from nonchiral Landau levels to ΠV and
ΠA must be added. One influence of the nonchiral LLs is
that the phonon dispersion becomes dependent on both
b0 and µ. Moreover, nonchiral LLs lead to a finite imag-
inary part of ΠV and ΠA for regions of nonzero area in
the (ω,q) space, thereby creating extended electron-hole
continua in the phonon spectral function. Inside these
continua, the phonon frequency is damped proportion-
ally to the square of the electron-phonon coupling.
We will begin by discussing the situation with q||B
and |b0|  |µ|, where two simplifications take place.
First, the contribution from nonchiral LLs to ΠA van-
ishes, so that Eq. (13) retains its validity. The underlying
reason is that the nonchiral contributions from the two
nodes cancel each other. Second, the only interband tran-
sitions contributing to ΠV are −n → n. Consequently,
each pair (−n, n) of nonchiral LLs contributes to ΠV in-
(a) (b)
(e) (f)
(c) (d)
Figure 3: Optical phonon spectral function in the inter-
mediate magnetic field regime, evaluated from Eq. (21) and
represented in logarithmic scale. The parameter values are:
θ = b0 = 0, ~ω0 = 10meV, ρ = 104kg/m3, D0(z) = 10eV, and
η = 0.1meV. Panels (a) and (b) display a plasmon-phonon
anticrossing in the cases of purely scalar and purely pseu-
doscalar electron-phonon interactions, respectively. In both
panels, B = 8T and µ = ~ω0. In panels (c) and (d), the
chemical potential and the magnetic field are sufficiently high
(µ = 3~ω0 and B = 30T) that the plasmon frequency is
pushed well above the phonon frequency, thereby prevent-
ing their resonance. In spite of this, panel (d) (purely pseu-
doscalar electron-phonon interactions) contains a large anti-
crossing between the optical phonon and particle-hole exci-
tations originating from nonchiral LLs. This anticrossing is
washed out by electronic screening in the case of purely scalar
electron-phonon interactions (panel (c)).
dependently as if it were a one-dimensional Dirac fermion
with mass ∆n ≡
√
2|n|~vF `−1B . This mapping allows
to use analytical expressions available in the literature37
and to benchmark our numerical calculations.
The phonon spectral function at θ = b0 = 0 is depicted
in Figs. 3 and 4. Figures 3(a) and 3(b) confirm that the
phonon-plasmon anticrossing can also take place away
from the quantum limit. As a rule of thumb, in order to
find such an avoided crossing at B . BQL, ω0 must be
larger than the plasmon frequency at zero field and zero
momentum, i.e. we need8
~ω0 &
√
α|µ± b0|. (22)
Then, as |q| is increased, the plasmon frequency grows
monotonically until it gets in resonance with the optical
phonon.
If |µ|  ω0, the intraband part of ΠV pushes the
plasmon dispersion far above the phonon dispersion for
all momenta, and the plasmon-phonon hybridization be-
comes negligible. Nevertheless, we find nontrivial elec-
tronic fingerprints in the phonon spectrum even when the
phonon and the plasmon are decoupled. For instance,
9(a) (b)
Figure 4: Optical phonon spectral function in the intermedi-
ate and strong magnetic field regimes, evaluated from Eq. (21)
and represented in logarithmic scale. The vertical dashed
lines correspond to B = BQL. The color code is the same as
in the previous figure. The parameter values are: θ = b0 = 0,
~ω0 = 10meV, ~vF |q| = 1meV, ρ = 104kg/m3, D0 = 2eV,
Dz = 8eV and η = 0.1meV. In panel (b), the chemical po-
tential is fine tuned (µ = 1.65~ω0) so that the optical phonon
shows large quantum oscillations due to its strong coupling to
the plasmon. Panel (a) displays the situation with µ = 2~ω0,
in which quantum oscillations of the phonon frequency are
unobservable because the phonon is largely decoupled from
the plasmon (the latter is responsible for the faint traces in
the phonon spectral function at ω > ω0).
Fig. 3(d) features an avoided crossing just above the
electron-hole continuum. This anticrossing is not associ-
ated with the plasmon; rather, it originates from logarith-
mic divergences in ΠV that are located at frequencies38
ωn,q = vF qz
[√
1− ∆
2
n
µ2
+O
(
~vF qz
µ
)]
. (23)
These divergences arise from intraband transitions within
nonchiral LLs. As such, they disappear in the quantum
limit, due to Pauli blocking. For pseudoscalar phonons,
a divergence of ΠV implies a peak in the spectral func-
tion at ω ' ωn,q because the correction to the phonon
dispersion in Eq. (6) contains ΠV without any screening
factor. Anticrossings with the optical phonon occur when
ωn,q = ω0, for all values of n such that ∆n < |µ|. Thus,
the number of anticrossings equals the number of nonchi-
ral LLs intersecting the Fermi energy (note that for the
parameters of Fig. 3(d), there is a single nonchiral LL
that intersects the Fermi energy). As shown in Fig. 3(c),
the anticrossing is suppressed for scalar phonons. The
reason is that, for a scalar phonon, the electronic con-
tribution to the phonon dispersion goes as ΠV /ε, which
remains finite when ΠV diverges.
Another characteristic aspect of the intermediate
magnetic field regime is the emergence of quantum oscil-
lations in the frequency of the optical phonon, inherited
from its coupling to electrons. For typical parameters,
we find that the amplitude of quantum oscillations in
the optical phonon frequency is smaller than η, thereby
precluding their observability. An exception takes place
when ωp(B = 0) ' ω0, i.e. when ~ω0 ' |µ|
√
α/pi. In this
case, the optical phonon and the plasmon are close to res-
onance for a range of values of B, and thus the magnetic
v |q| /!0v |q| /!0
!
/!
0
Figure 5: Optical phonon spectral function in the intermedi-
ate magnetic field regime, evaluated from Eq. (21) and repre-
sented in logarithmic scale. The parameter values are: b0 = 0,
B = 5T, ~ω0 = 10meV, µ = 1~ω0, ρ = 104kg/m3, D0 = 0,
Dz = 10eV and η = 0.1meV. The relative angle between the
magnetic field and the phonon momentum is θ = 0 in the left
panel, and θ = 0.8 in the right panel. For smaller values of
| cos θ| and fixed B, the phonon-plasmon anticrossing moves
to higher momenta.
oscillations in the optical phonon frequency become size-
able. This situation is reflected in Fig. 4. Unfortunately,
since neither ω0 nor µ are tunable in WSM, it appears
unlikely that quantum oscillations will be seen for optical
phonons.
Thus far we have treated the case θ = b0 = 0. For
θ 6= 0, ΠV and ΠA must be computed numerically from
Eq. (8) (see also Appendix B). Taking θ 6= 0 brings about
two changes. First, the plasmon frequency decreases
monotonously as cos θ decreases, much like in the quan-
tum limit. Consequently, the plasmon-phonon anticross-
ing takes place at higher momenta, as shown in Fig. 5.
Second, interband transitions of the type n → n′ with
n′ 6= −n are no longer forbidden (though they are smaller
than −n → n transitions by a factor (q⊥`B)2||n|−|n
′||,
as can be verified from the expressions of Appendix B).
These new transitions produce additional electron-hole
continua, which further damp the optical phonon if they
overlap with it. In regard to b0 6= 0, its main qualitative
effect (not shown) is to split each electron-hole contin-
uum into two, shifted in frequency with respect to one
another by b0.
IV. ACOUSTIC PHONONS
In the previous section, we have identified the
magnetic-field-induced hybridization between plasmons
and optical phonons as a potentially distinctive signature
of Weyl fermions. This hybridization requires that the
bare phonon frequency become equal to the bare plasmon
frequency for a certain value of the magnetic field or the
phonon momentum. Such condition is hardly achievable
in the case of long-wavelength acoustic phonons, because
the sound velocity cs is much smaller than the Fermi ve-
locity. Notably, in the quantum limit (where the phonon-
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plasmon hybridization is strongest), cs |q| = ωp (q) is
satisfied only if | cos θ| < cs/vF ' 10−2. Current experi-
ments are not able to tune θ with such precision.
In this section, we present a theory on how Weyl
fermions alter the sound velocity in the presence of a
magnetic field. This theory is motivated in part by re-
cent39 and ongoing40 ultrasound experiments in TaAs.
As we show, the change in sound velocity under the ap-
plication of a magnetic field can reflect the presence of
the chiral Landau levels and can display quantum oscil-
lations which are particular to Weyl fermions. A recent
theory18 has investigated the sound attenuation in WSM
using the semiclassical approximation, but there are no
predictions for the sound velocity itself.
The literature on how magnetic fields contribute to
sound velocity in conducting materials is extensive.41
Here, we will follow the formalism developed in Sec. II.
For concreteness, we will concentrate on scalar phonons
and piezoelectric electron-phonon coupling, which are be-
lieved to be relevant in current ultrasound experiments.
The sound velocity in an insulating piezoelectric crystal
is given by42
cs =
√
c20 +
1
ρ
d2
ε∞
, (24)
where c0 is the sound velocity in the absence of piezoelec-
tricity and d is the piezoelectric coupling (whose value
depends on the polarization of the acoustic wave, as well
as on its direction of propagation).
In the presence of conduction electrons, the sound ve-
locity is no longer cs. Starting from Eq. (6) and using
|g0|2V/M = (ed/ε∞)2/ρ,44 we obtain
ω2 ' q2
(
c20 +
1
ρ
d2
ε∞
1
ε (q, ω)
)
. (25)
A formally identical equation has been obtained at zero
magnetic field from a different approach in Refs. [42,43];
the link becomes clear through the relation ε(q, ω) =
1 + iq · σ · q/(ω|q|2ε∞), where σ is the electrical con-
ductivity tensor and we have used the fact that the elec-
tric field generated by the sound wave is longitudinal.
The larger the electrical conductivity of the sample is,
the smaller the sound velocity becomes. At nonzero
magnetic field, the tensor structure of the conductivity
becomes nontrivial even in crystals with cubic symme-
try. This is particularly true for a WSM deep in the
quantum limit, where σxx = σyy = 0 (because the chi-
ral LLs have no group velocity in the x and y direc-
tions) and σzz 6= 0 6= σxy = −σyx. In this situation,
ε(q, ω) = 1 + iσzz(q, ω) cos2 θ/(ε∞ω).
Because long wavelength acoustic phonons have fre-
quencies that are small compared to the impurity scatter-
ing rate Γ, the effect of a finite electronic lifetime must be
considered in the dielectric function of Eq. (25). The sim-
plest approach is to replace ω by ω+iΓ in ΠRV , but this vi-
olates the particle number conservation. A better (num-
ber conserving) approach is to use the expression45,46
ΠRV (q, ω) =
(ω + iΓ) ΠRV 0(q, ω + iΓ)ΠRV 0(q, 0)
ωΠRV 0(q, 0) + iΓΠRV 0(q, ω + iΓ)
, (26)
where ΠRV 0(q, ω) is the retarded response function in the
absence of disorder. When ω  Γ, Eq. (26) gives approx-
imately the same results as the number non-conserving
approximation. In the following, we consider acoustic
phonons for which Γ vF |q|  ω ' cs|q| and q2l2B  1.
In this regime, the outcome from Eq. (26) differs greatly
from the number non-conserving approximation. At the
same time, we assume ~vF /lB  Γ (Γ < 5
√
B[T ]meV)
in order to distinguish LL features in the sound velocity.
A. Quantum limit
At strong magnetic fields, ΠRV 0 is given by Eq. (12).
Importantly, ΠV 0(q, 0) is independent of the angle θ be-
tween the magnetic field and the propagation direction
of the sound, but ΠV 0(q, ω + iΓ) ∝ cos2 θ.
Let us assume that cs/vF  vF |q|/Γ, which is
realistic for the long wavelengths (|q| ' 100cm−1)
probed in ongoing ultrasound experiments.40 Conse-
quently, Eq. (26) leads to
ε(q, ω) ' 1 +
(
v2F |q|2x2
ω2
− 1 + iΓ
ω
)
2α
pi
l2x2
l2B
, (27)
where l = vF /Γ is the electronic mean free path and
x ≡ cos θ. Keeping everything else fixed, an increase
in the magnetic field results in an increase in |ε| and
thus in a reduction of the sound velocity. Because of
the aforementioned link between ε and σzz, the suppre-
sion of the sound velocity in a magnetic field is closely
related to the negative magnetoresistance of WSM. As
such, it can be associated to the chiral anomaly, with
the advantage of not being mired by current jetting ef-
fects. The θ-dependence of Eq. (27) is likewise non-
trivial. If
√
αl| cos θ|/lB  min{
√
ω/Γ, cs/vF }, then
|ε|  1 and the sound velocity approaches the con-
stant c0. This corresponds to the situation in which
the chiral Landau levels screen the piezoelectric electron-
phonon coupling completely. In contrast, if | cos θ| .
min
{
lB
l
√
α
√
ω
Γ ,
√
cs
vF
lB
l
√
α
}
then ε(q, ω) ' 1 and the sound
velocity tends to cs (cs > c0), i.e. the value it would take
in an insulating sample without any chiral LL.47 Hence,
one can switch on and off the chiral Landau level con-
tribution to the sound velocity by varying the angle θ.
In practice, because Γ/ω can be of the order of 106 for
|q| ' 100cm−1, we are bound to find cs ' c0 for all val-
ues of θ except for a narrow window near θ = pi/2 (see
Fig. 6). This window becomes more readily observable
in dirtier samples and at higher momenta of the acoustic
wave.
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Figure 6: Dependence of the sound velocity on the relative
angle between the magnetic field and the sound propagation
direction, in the quantum limit. The vertical axis contains
∆cs(B, θ) ≡ cs(B, θ)− cs(B, θ = 0), where the sound velocity
is defined as |∂ω/∂q|, with ω given by Eq. (25). Near θ =
pi/2, the contribution from the chiral LLs is turned off and a
peak in the sound velocity ensues. The parameter values are
B = 10T, ρ = 104kg/m3, c0 = 2×103m/s, d = 3C/m2,48vF =
105m/s and ε∞ = 30ε0.
B. Intermediate magnetic fields
Away from the quantum limit, the number of nonchi-
ral LLs at the Fermi energy varies with the magnetic
field strength. This results in quantum oscillations for
the sound velocity (Fig. 7), which can be detected in
high precision ultrasound measurements.40 Appendix D
shows some technical details concerning the characteris-
tics of these oscillations.
Figure 7: Quantum oscillations in the sound velocity, for the
case in which the magnetic field is parallel to the sound prop-
agation direction. In the vertical axis, cs(B) is the sound ve-
locity at magnetic field B, while cs(0) is the sound velocity at
zero magnetic field. The sound velocity is defined as |∂ω/∂q|,
with ω given by Eq. (25). The zero field value of the sound
velocity is taken approximately as cs(B = 0.1T). The param-
eter values used in the figure read θ = 0, |q| = 1000cm−1,
Γ = 1meV, ρ = 104kg/m3, ε∞ = 30ε0, vF = 105m/s,
c0 = 2 × 103m/s and d = 5C/m2, with a temperature of
1K.
V. SUMMARY AND CONCLUSIONS
We have presented a theory that describes the influ-
ence of Weyl fermions in the phonon dispersion of disor-
dered Weyl semimetals placed under magnetic fields of
arbitrary strength and direction. Although in principle
our formalism is applicable to real Weyl semimetals with
multiple pairs of nodes, in practice the task is cumber-
some. Therefore, in order to extract some simple princi-
ples, we have made the following approximations: (i) the
electronic dispersion in the absence of magnetic fields has
been assumed to be perfectly linear and isotropic in mo-
mentum, without tilts; (ii) we have focused on phonon
wavevectors that are small compared to the internodal
distance; (iii) we have restricted ourselves to scalar and
pseudoscalar phonons. In spite of these approximations,
we expect that the physical phenomena predicted in our
work will hold in more realistic settings.
The main result from this work is the prediction of a
magnetic-field-induced hybridization between plasmons
and optical phonons in undoped or weakly doped Weyl
semimetals. This hybridization can be attributed to an
effective charge that optical phonons acquire when inter-
acting with Weyl fermions. At strong magnetic fields and
nonzero phonon momenta, the hybridization takes place
for both scalar and pseudoscalar phonons in a generic
WSM without particular symmetry requirements. At
zero phonon momentum, the plasmon-phonon hybridiza-
tion occurs only for pseudoscalar phonons; this effect can
be traced to the chiral anomaly. At strong magnetic
fields, the hybridization gap can attain 0.5meV, thereby
making the effect potentially observable e.g. in high-
precision Raman experiments. Strong deformation po-
tentials, small Fermi velocities, and the presence of nu-
merous pairs of degenerate Weyl nodes may make the
hybridization gap larger.
The hybridization between plasmons and long-
wavelength acoustic phonons is practically inexistent be-
cause plasmons propagate much faster than the sound.
Nevertheless, we find that Weyl fermions can leave dis-
tinctive fingerprints in the sound velocity. For example,
at strong magnetic fields, the contribution from the chi-
ral Landau levels to the sound velocity can be turned on
and off by varying the relative angle between the sound
propagation and the magnetic field. For the case of piezo-
electric electron-phonon interaction, this implies a higher
sound velocity when the magnetic field is perpendicular
to the magnetic field, because the system is less conduct-
ing in that case. Similarly, for a given direction of the
magnetic field, increasing its magnitude results in a re-
duction of the sound velocity. This effect can be regarded
as a manifestation of the chiral anomaly. At weaker fields,
we find quantum oscillations in the sound velocity.
The present work complements earlier studies con-
ducted by us21 and others,20 where the influence of the
chiral anomaly in the phonon dispersion was first inves-
tigated. In Ref. [21], the magnetic field was considered
only in linear response and the effects of the chemical po-
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tential, temperature and disorder were neglected. In the
appropriate limits, our current results reduce to those
of Ref. [21]. However, the present work goes beyond
Ref. [21] by treating the magnetic field non perturba-
tively and by including the effects of finite chemical po-
tential and disorder. An added bonus from the present
approach is the elucidation that the bosonic excitation
that hybridizes with the optical phonon evolves from a
pseudoscalar boson (i.e. a pole of ΠA) at low magnetic
fields, to a plasmon (i.e. a zero of the dielectric function)
at high magnetic fields. In addition, the present work
serves to straighten two errors committed in Ref. [21]:
first, phonons of all symmetries (not just A1) are able to
scatter electrons in the vicinity of a Weyl node; second,
the pseudoscalar electron-phonon can arise in all crystal
classes (not just in those where all mirror symmetries are
broken).
Concerning Ref. [20], it must be noted that a hy-
bridization between plasmons and optical phonons was
clearly predicted therein. However, the calculation of
Song et al. was phenomenological and did not evaluate
microscopic response functions with the influence from
Landau levels. Perhaps for that reason, the hybridization
gap obtained in this work differs from that of Ref. [20].
Besides, Ref. [20] did not recognize that the plasmon-
phonon hybridization at nonzero momenta and strong
magnetic fields is not unique to pseudoscalar phonons;
our theory shows that it occurs for scalar phonons as
well. In fact, for scalar phonons, our theory allows for
a hybridization with plasmons at finite momenta even
at zero field. The underlying reason for this is that the
response function ΠV is nonzero at vanishing magnetic
fields and contributes to the effective phonon charge at
nonzero momenta.21 What is more unique to WSM is the
phonon hybridization gap at zero momentum, which oc-
curs only for pseudoscalar phonons and only at nonzero
magnetic fields. The underlying reason for this is that the
response function ΠA vanishes at zero magnetic field, and
generates the chiral anomaly at first order in the mag-
netic field.
A possible critique to our work is that some of its
results are not exclusive to Weyl semimetals. For ex-
ample, group theory predicts that magnetic-field-induced
phonon effective charges can arise in many crystals (irre-
spective of their band topology). Hence, we cannot rule
out (though we are not aware of) a magnetically induced
phonon-plasmon hybridization in an intrinsically nonpo-
lar semiconductor or semimetal not hosting any Weyl
fermion.
It is our hope that the present work will stimulate
further theoretical and experimental studies of electron-
phonon interactions in Weyl semimetals. On the theory
side, it would be particularly valuable to evaluate the
plasmon-phonon hybridization gap from first principles.
A first step towards this goal would be to carry out an
ab initio computation of scalar and pseudoscalar defor-
mation potentials in real Weyl semimetals. In parallel, it
would be desirable to conduct experiments that might ex-
plore the nontrivial interplay between Landau levels and
phonons in Weyl semimetals. It would also be useful to
complement our calculations with semiclassical methods.
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Appendix A: Derivation of Eq. (6)
In this appendix, we derive the equation governing the phonon dispersion in Weyl semimetals under a magnetic
field. This equation of motion can be obtained via the minimization of an effective action for phonons with respect
to the phonon normal coordinate v. To simplify the calculation, we will limit the discussion to a single phonon mode.
The imaginary time effective action for phonons, Seff [v], is defined through
e−Seff [v] = e−S0[v]
∫
DψDψ¯ exp
[
−
∫
d4xψ¯(∂t − µ)ψ −
∫
dt
(
H(0)el [ψ, ψ¯] +Hel−el[ψ, ψ¯] +Hel−ph[ψ, ψ¯, v]
)]
, (A1)
where x = (r, t), t is the imaginary time, µ is the chemical potential,
S0[v] =
M
2
∑
q
T
∑
ωn
(ω2n + ω2q)vq(ωn)v−q(−ωn) ≡
M
2 T
∑
q
(ω2n + ω2q)v(q)v(−q) (A2)
is the action for phonons in the absence of Weyl fermions, ωn is a Matsubara frequency, M is the atomic mass in a
unit cell, q = (q, ωn), ψ and ψ¯ are the fermionic Grassmann fields, H(0)el is the Hamiltonian of free Weyl fermions in
a magnetic field, and Hel−el (Hel−ph) is the electron-electron (electron-phonon) interaction Hamiltonian. The Born
effective charge in the absence of Weyl fermions has been assumed to be zero. We will relax this assumption at the
end of this appendix.
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1. Free electronic Hamiltonian
The non-interacting electronic Hamiltonian in the absence of magnetic fields can be generally written as
h = p
2
2m + U(r) +
~
4m2c2 (∇U × p) · s, (A3)
where U(r) is the periodic lattice potential, m is the bare electron mass, c is the speed of light in vacuum, s is a
vector of Pauli matrices for the (true) spin, and p = −i~∇ is the momentum operator.
Weyl semimetals contain pairs of bands that cross at Weyl nodes labeled by an index τ and located at momenta
kτ . The low-energy effective model is obtained by expanding the electronic field operators around Weyl nodes as
ψˆ†(r) ' 1√V
∑
στ
eikτ ·r
∑
|k|<Λ
eik·ru∗στ (r)c
†
kστ ≡
∑
στ
eikτ ·ru∗στ (r)Ψˆ†στ (r), (A4)
where V is the crystal volume, Λ is an ultraviolet momentum cutoff, σ labels the two degenerate bands at the Weyl
nodes, uστ (r) is the periodic part of the Bloch state at momentum kτ and band σ, c†kστ creates a Bloch state
exp(i(kτ + k) · r)uστ (r) and
Ψˆ†στ (r) =
1√V
∑
|k|<Λ
c†kστe
ik·r. (A5)
In Eq. (A4), u∗στ (r) ≡ (〈↑, r|uστ 〉∗, 〈↓, r|uστ 〉∗) is a two-component spinor, where ↑ and ↓ denote the real spin projec-
tions.
A low-energy effective Hamiltonian for the Weyl nodes can be evaluated by taking the matrix elements of h on the
states exp(i(kτ + k) · r)uστ (r). In the simplest (two-node) case and to lowest order in k, this yields
H(0)el '
∑
σσ′τ
τ
∫
d3rΨˆ†στ (r) [b0δσσ′ + ~vFσσσ′ · k] Ψˆσ′τ (r)
≡
∫
d3rΨˆ†(r) [b0τz + ~vFσ · kτz] Ψˆ(r), (A6)
where vF is the slope of the linear Weyl dispersion, Ψˆ(r) is a four-spinor of components Ψˆστ (r), and σi (τi) are Pauli
matrices in the pseudospin (node) space. In the presence of a magnetic field, we neglect the Zeeman splitting and
simply replace ~k by p− eA in Eq. (A6), where A is the vector potential and e is the charge of the electron.
2. Electron-phonon interaction
As derived in Ref. [21], the deformation potential interaction between long-wavelength phonons and Weyl fermions
can be written as
Hel−ph '
∑
kq
∑
στσ′
gσσ′τ (q)vq(t)c†kστ ck+qστ ′ , (A7)
where the momentum sums are constrained within the ultraviolet cutoff,
gσσ′ ,τ (q) =
1√
NVcell
∑
s
∫
cell
d3r u∗στ (r)uστ (r)pqλs ·
∂U(r− ts)
∂ts
e−iq·r, (A8)
Vcell is the unit cell volume, s is the atom index within the unit cell, pqs is the polarization vector of atom s and q
is the phonon momentum. Here, u∗στ (r)uσ′τ (r) = 〈uστ |r, ↑〉〈r, ↑ |uσ′τ 〉+ 〈uστ |r, ↓〉〈r, ↓ |uσ′τ 〉. Inverting Eq. (A5), we
can rewrite Eq. (A7) as
Hel−ph =
∑
σσ′τ
∫
d3r
∫
d3r′Ψˆ†στ (r)
∑
kq
e−ik·rei(k+q)·r
′
gσσ′,τ (q)vq(t)Ψˆστ ′(r′) (A9)
=
∑
σσ′τ
∫
d3rΨˆ†στ (r)
(∑
q
eiq·rgσσ′,τ (q)vq(t)
)
Ψˆστ ′(r). (A10)
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Hereafter, we consider only scalar and pseudoscalar electron-phonon couplings, i.e. gσσ′,τ (q) = δσσ′gτ (q). Therefore,
Hel−ph =
∫
d3rΨˆ†(r) [φ0(r, t) + τzφz(r, t)] Ψˆ(r), (A11)
where we have omitted identity matrices and we have introduced
φ0(r, t) =
∑
q
eiq·r
(∑
τ
gτ (q)/2
)
vq(t) ≡
∑
q
eiq·rg0(q)vq(t) =
1
V
∑
q
eiq·rφ0(q, t) (A12)
φz(r, t) =
∑
q
eiq·r
(∑
τ
τgτ (q)/2
)
vq(t) ≡
∑
q
eiq·rgz(q)vq(t) =
1
V
∑
q
eiq·rφz(q, t) (A13)
as the scalar and pseudoscalar deformation potentials, respectively.
At this point, it is useful to discuss symmetry properties of the electron-phonon coupling. The first question we
address is this: what kind of long-wavelength phonons are susceptible to couple to Weyl fermions? The answer is all
phonons, irrespective of their symmetry. This answer corrects an error made in Ref. [21], where we argued that only
A1 phonons could scatter Weyl fermions in the vicinity of the Weyl node. Let us elaborate. Consider a phonon mode
λ of momentum q, which scatters an electron from momentum ki to momentum kf = ki + q. According to group
theory,49,50 the scattering matrix element is generically nonzero provided that∑
g∈Gki∩Gq∩Gkf
[
χ
(i)
ki (g)
]∗
χλq(g)χ
(f)
kf (g) 6= 0. (A14)
Here, χ(i)ki and χ
(f)
kf are the characters for the irreducible representations according to which the electronic states at
ki and kf transform. Also, χλq is the character for the irreducible representation according to which the phonon
transforms. Importantly, the sum in Eq. (A14) contains only those elements g of the crystalline point group which
belong simultaneously to the little groups at ki, kf and q. These little groups are denoted as Gki , Gkf and Gq,
respectively. For a Weyl node located at an arbitrary position at the Brillouin zone, the only symmetry element in
Gki and Gkf is the identity E. Hence, the sum in Eq. (A14) contains a single term. This term is nonzero regardless of
the type of phonon, because χλq(E) is nonzero for all λ (and equal to the dimension of the irreducible reperesentation
according to which the phonon transforms).
Another symmetry-related question is the following: what kind of long-wavelength phonons can lead to nonzero
g0 or gz? In order to answer this question, let us investigate how gτ transforms under a symmetry operation of the
crystal (which we will denote Rˆ). We will beging by writing the expression for gRˆτ , and attempt to relate it to gτ
through the following manipulations:
gRˆτ (q) =
1√
NVcell
∫
d3reiq·r
∑
σ
|uσ,Rˆτ (r)|2
∑
s
pqλs · ∂U(r− ts)
∂ts
(A15)
= 1√
NVcell
∫
d3reiq·r
∑
σ
|uστ (Rˆ−1r)|2
∑
s
pqλs · ∂U(r− ts)
∂ts
(A16)
= 1√
NVcell
∫
d3reiq·Rˆr
∑
σ
|uστ (r)|2
∑
s
pqλs · ∂U(Rˆr− ts)
∂ts
(A17)
= 1√
NVcell
∫
d3reiq·Rˆr
∑
σ
|uστ (r)|2
∑
s
pqλRˆs ·
∂U(Rˆr− Rˆts)
∂Rˆts
(A18)
= 1√
NVcell
∫
d3reiRˆ
−1q·r∑
σ
|uστ (r)|2
∑
s
pqλRˆs · Rˆ−1
∂U(r− ts)
∂ts
(A19)
= 1√
NVcell
∫
d3reiRˆ
−1q·r∑
σ
|uστ (r)|2
∑
s
(
RˆpqλRˆs
)
· ∂U(r− ts)
∂ts
. (A20)
In Eq. (A16), we have used the relation
∑
σ |uσRˆk(r)|2 =
∑
σ |uσk(Rˆ−1r)|2 (for a justification, see e.g. Ref. [51]). In
Eqs. (A17) and (A18), we have simply redefined the dummy variables r and s. In particular, a sum over ts equals a
sum over Rˆts, because Rˆ is a symmetry operation of the crystal. In Eq. (A19), we have used U(r− ts) = U(|r− ts|),
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q · Rˆr = (Rˆ−1q) · r and Rˆ−1∂ts = ∂Rˆts . Then, we conclude
gRˆτ (Rˆq) =
1√
NVcell
∫
d3reiq·r
∑
σ
|uστ (r)|2
∑
s
(
Rˆp(Rˆq)λRˆs
)
· ∂U(r− ts)
∂ts
. (A21)
Let us now take Rˆ to be a mirror operation. In the small momentum regime (q ' Rˆq ' 0), a phonon is either
odd or even under a mirror transformation: Rˆp0λRˆs ' (−1)λp0λs, where λ = +(−)1 for a scalar (pseudoscalar)
mode. Thus, g−τ (q) ' (−1)λgτ (q) in the q → 0 limit (this can hold at nonzero q as well, provided that the phonon
momentum is located at a Rˆ-invariant plane). Consequently, long-wavelength scalar (pseudoscalar) phonons couple
to Weyl fermions predominantly via g0 ∝
∑
τ gτ (gz ∝
∑
τ τgτ ).
In Ref. [21], it was argued that gz 6= 0 requires that all mirror symmetries be broken. This statement was based on
the assumption that
∑
σ |uστ (r)|2 =
∑
σ |uσ,Rˆτ (r)|2, or equivalently
∑
σ |uστ (r)|2 =
∑
σ |uστ (Rˆ−1r)|2. However, this
assumption is generally incorrect because the probability density of a particular Bloch state (with fixed but otherwise
arbitrary crystal momentum) need not obey the symmetries of the Hamiltonian.
3. Electron-electron interaction
The electron-electron interactions are described by
Hel−el = 12
∫
d3rd3r′V (r− r′)ψˆ†(r)ψˆ†(r′)ψˆ(r′)ψˆ(r), (A22)
where V (r) = e2/(4piε0r) is the Coulomb potential. In the low-energy effective theory, we expand ψˆ in the truncated
Hilbert space of the two bands that cross at the Weyl nodes, and replace ε0 by ε∞ in order to incorporate the screening
effects coming from bands outside the truncated Hilbert space. Then, keeping only the long-wavelength part of the
Coulomb interaction and neglecting umklapp terms, we arrive at
Hel−el ' 12
1
V
∑
q
V (q)ρ (q) ρ (−q) , (A23)
where V (q) = e2/(ε∞q2) and ρ (q) ≡
∑
|k|<Λ
∑
στ c
†
kστ ck+qστ is the low-energy electronic density operator.
4. Integrating out electrons
To get an effective action for phonons, we need to integrate over the fermionic fields in the right hand side of
Eq. (A1). In order to treat the quartic term in fermionic fields coming from Hel−el, we use the Hubbard-Stratonovich
transformation
exp
[
−12
T
V
∑
q
V (q)ρ(q)ρ(−q)
]
= 1N
∫
Dϕ exp
{
−TV
∑
q
[
ε∞q2
2 ϕ (q)ϕ (−q) + ieϕ (q) ρ (−q)
]}
, (A24)
whereN is a constant, T is the temperature in unit of frequency and the auxiliary bosonic field iϕ can be interpreted as
the electric potential created by the fluctuations of the electronic density (such that the minimization of the exponent
in Eq. (A24) with respect to ϕ gives the Poisson equation).
Combining Eqs. (A6), (A11), (A23) and (A24), Eq. (A1) can be written as
e−Seff [v] ' 1N e
−S0[v]
∫
DϕDΨDΨ¯ exp
[
−TV
∑
q
ε∞q2
2 ϕ (q)ϕ (−q) +
∫
d4xΨ¯(x)G−1(x, x)Ψ(x)
]
, (A25)
where
G−1(x, x) = G−10 (x, x)− V (x) (A26)
is the inverse of the full fermionic Green’s function, and the Green’s function for Weyl fermions in the absence of
interactions is defined as ~ [−∂t − µ− vF (−i∇− eA(x)) · στz − b0τz]G0(x, x′) = δ(x− x′). Additionally,
V (x) = ieϕ(x) + φ0(x) + φz(x)τz (A27)
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is the correction due to electron-phonon and electron-electron interactions.
The integral over the fermionic fields is now gaussian and can be done exactly. Assuming the absence of lattice
instabilities and electronic ordered states, we can expand the resulting expression to lowest order in powers of φ0, φz
and ϕ.52 The outcome reads
e−Seff [v] ' 1N e
−S0[v]
∫
Dϕdet(−G−1) exp
[
−
∫ d4q
(2pi)4
ε∞q2
2 ϕ (q)ϕ (−q)
]
' 1N ′ e
−S0[v]
∫
Dϕ exp
[
−
∫ d4q
(2pi)4
ε∞q2
2 ϕ (q)ϕ (−q)−
~
2
∫
d4x d4x′tr [G0(x, x′)V (x′)G0(x′, x)V (x)]
]
,
(A28)
where N ′ is another constant, and tr stands for trace in the (σ, τ).
Following Schwinger,27 the Green’s function of noninteracting Weyl fermions in a magnetic field can be factorized
as
G0(x, x′) = G0(x− x′)Φ(x, x′), (A29)
where Φ(x, x′) is a phase factor such that Φ(x, x′)Φ(x′, x) = 1 and G0(x− x′) = TV
∑
k G0(k)eik·x. Then,
~
∫
d4x d4x′tr [G0(x, x′)V (x′)G0(x′, x)V (x)] = ~
∫
d4x d4x′tr [G0(x− x′)V (x′)G0(x′ − x)V (x)]
= ~T
2
V2
∑
q
∑
k
tr [G0(k)V (q)G0(k + q)V (−q)]
= TV
∑
q
ΠV (q) [(φ0(q) + ieϕ(q))(φ0(−q) + ieϕ(−q)) + φz(q)φz(−q)]
+ TV
∑
q
ΠA(q) [(φ0(q) + ieϕ(q))φz(−q) + (φ0(−q) + ieϕ(−q))φz(q)] , (A30)
where
ΠV (q) ≡ ~TV
∑
k
tr [G0(k)G0(k + q)] = ΠV (−q) (A31)
ΠA(q) ≡ ~TV
∑
k
tr [τzG0(k)G0(k + q)] = ΠA(−q) (A32)
are the scalar and pseudoscalar density response functions.
It is illustrative to reinterpret Eq. (A30) by rewriting it as∫
d4x d4x′tr [G0(x, x′)V (x′)G0(x′, x)V (x)]
= TV
∑
q
ΠV (q)
[|φ0(q)|2 + |φz(q)|2]+ 2ΠA(q)Re[φ0(q)φz(−q)]
+ TV
∑
q
Qel(q) ·E(−q)v(q) +Qel(−q) ·E(q)v(−q), (A33)
where E(q) = −qϕ(q) is a longitudinal electric field and Qel is the contribution from itinerant electrons to the effective
phonon charge. The latter obeys
Qel(q) · q = i eV√
N
[ΠV (q)g0(q) + ΠA(q)gz(q)] . (A34)
Thus, (ieV/√N)ΠV (q)g0(q)/|q| and (ieV/
√
N)ΠA(q)g0(q)/|q| are the scalar and pseudoscalar contributions to the
longitudinal component of the effective phonon charge, respectively.
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Let us continue with the derivation of the phonon dispersion. From Eq. (A30), it is evident that the fields ϕ(q)
and v(q) are coupled in the right hand side of Eq. (A28). We can decouple them by making a change of variables
ϕ(q)→ ϕ(q)− ieφ0 (q) ΠV (q) + φz (q) ΠA(q)
ε∞ε(q)q2
, (A35)
where ε (q) = 1− V (q)ΠV (q) is the contribution from Weyl fermions to the dielectric function. After some algebra,
Eq. (A28) becomes
e−Seff [v] ' 1N ′ e
−S0[v]−δS[v]
∫
Dϕ exp
[
−12
T
V
∑
q
ε∞ε(q)q2ϕ(q)ϕ(−q)
]
, (A36)
where
δS[v] = 12
T
V
∑
q
1
ε(q)
{
(|φ0(q)|2 + |φz(q)|2)ΠV (q) + 2Re(φ0(q)φz(−q))ΠA(q)− V (q)
[
ΠV (q)2 −ΠA(q)2
] |φz(q)|2} .
(A37)
Thus, the phonon effective action is
Seff [v] = S0[v] + δS[v] + terms independent of v. (A38)
Using φ0(z)(q) = Vg0(z)(q)v(q) and taking δSeff/δvq(q0) = 0, we obtain the expression for the phonon dispersion
q20 + ω2ph,q +
V
Mε(q)
{
(|g0(q)|2 + |gz(q)|2)ΠV (q) + 2Re(g0(q)gz(−q))ΠA(q)− V (q)
[
ΠV (q)2 −ΠA(q)2
] |gz(q)|2} = 0.
(A39)
Performing an analytic continuation (iq0 → ω + i0+), we recover the result quoted in the main text. In particular,
for a scalar phonon mode (gz = 0), we recover the standard phonon dispersion [28]
ω2 = ω2ph,q +
V
M
|g0(q)|2
ε(q) Π
R
V (q),
whereas the dispersion becomes
ω2 = ω2ph,q +
V
M
|gz(q)|2
[
ΠRV (q) + V (q)
ΠRA(q)2
ε(q)
]
for a purely pseudoscalar mode (g0 = 0).
5. Phonon dispersion in the presence of a nonzero bare effective charge
Thus far, we have studied the case in which the phonon effective charge vanishes in the absence of conduction
electrons. Here, we provide the generalization of the preceding results to the case of polar optical phonons with
a nonzero “bare” effective charge Q(0)q . The main change with respect to the derivation shown above consists of
replacing Eq. (A23) by28
Hint =
∑
q
V (q)ρtot(q)ρtot(−q), (A40)
where ρtot = ρ+ ρph and
ρph =
i
√
N
e
(Q(0)q · q)v(q). (A41)
The presence of iq in this equation originates from the fact that the phonon charge can be written as a divergence of
the electric polarization induced by the lattice vibrations. In Eq. (A40), the cross-terms between ρ and ρph describe
the polar coupling between the optical phonon and electrons. In addition, the same optical phonon couples to electrons
via deformation potential coupling, as captured by Eq. (A11).
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Next, one performs a Hubbard Stratonovich transformation to treat Hint and performs a perturbative expansion
in ϕ and φ fields to arrive at
e−Seff [v] ' 1N ′ e
−S0[v]
∫
Dϕ exp
[
−
∫
d4q
(2pi)4
(
ε∞q2
2 ϕ(q)ϕ(−q) + ieϕ(q)ρph(−q)
)
−12
∫
d4x d4x′ tr [G0(x, x′)V (x′)G0(x′, x)V (x)]
]
. (A42)
As before, we make an appropriate shift in ϕ in order to decouple it from v. The resulting effective action for phonons
reads Seff [v] = S0[v] + δS[v] + terms independent of v, with
δS[v] =12
T
V
∑
q
1
ε(q)
{
(|φ0(q)|2 + |φz(q)|2)ΠV (q) + 2Re(φ0(q)φz(−q))ΠA(q)− V (q)
[
ΠV (q)2 −ΠA(q)2
] |φz(q)|2
+V (q)|ρph(q)|2 + 2V (q)Re [ρph(q)ΠV (q)φ0(−q) + ρph(q)ΠA(q)φz(−q)]
}
. (A43)
The phonon dispersion can be obtained once again from δSeff/δvq(q0) = 0. The effect of the bare phonon effective
charge is collected in the second line of δS. The first term in the second line is the usual28 renormalization of the
phonon frequency in presence of a bare effective charge, with the factor 1/ε(q) denoting screening from itinerant
electrons. The remainder of the second line describes the interference terms between the bare effective phonon charge
and the electronically induced effective phonon charge.
In sum, the new equation for the phonon dispersion reads
ω2 = ω2ph,q +
V
Mε (q)
[
ΠV (q)
(
|g0|2 + |gz|2
)
+ 2ΠA (q)Re (g0g∗z) + V (q) |gz|2
(
ΠA (q)2 −ΠV (q)2
)]
+ V (q)
Mε (q)
(
1
e2Vcell
∣∣∣∣Q(0)q · q∣∣∣∣2 − 2
√
N
e
(
ΠV (q) Im
[
q ·Q(0)q g∗0
]
+ ΠA (q) Im
[
q ·Q(0)q g∗z
]))
, (A44)
where we have omitted the momentum label from g0 and gz, for the sake of brevity. When Q(0)q = 0, we recover
Eq. (6). In passing, we remark that all terms involving Q(0)q remain finite at q→ 0.
Appendix B: Explicit expressions for the response functions
In the preceding appendix, we have written the phonon dispersion relation in terms of the response functions
ΠV and ΠA. In this appendix, we show the explicit expressions for ΠV and ΠA, which we have used to obtain the
numerical results of the main text.
1. Response functions for b0 = 0
We start by considering the case b0 = 0. In this case, the explicit expression for Dirac fermions in a uniform and
static magnetic field is known [53] to be
G0(k) =2ie−k2⊥`2B
∑
ν
∑
n
(−1)n
~2 (iν)2 − E2nkz
~ (iν − τzσzvF kz) [Ln(t)P+ − Ln−1(t)P−] + 2 (τzσ⊥ · k⊥)L1n−1(t), (B1)
where ν is a Matsubara frequency, n ≥ 0 is the (conduction band) Landau level index, k = (kz,k⊥, ν), t = 2k2⊥`2B ,
P± = (1± σz)/2, and Enkz ≡ ~vF
√
k2z + 2n`−2B . Also, Lαn(t) are Laguerre polynomials defined as
Lαn(t) =
1
n!e
tt−α
dn
dtn
(
e−ttn+α
)
,
with Ln(t) = L0n(t). The Laguerre polynomial Lαn (x) is null for n < 0, by definition.
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Replacing Eq.(B1) in Eq.(A31), doing the trace in σ, τ space and performing the sum over Matsubara frequencies,
we arrive at
ΠV (q) = −e−
q2⊥`
2
B
2
1
V
∑
nmλλ′k
e−2(k⊥+
q⊥
2 )2`2B (−1)n+m f(λEnkz )− f(λ
′Emk′z )
λEnkz − λ′Emk′z + iω
(B2)
× {[Ln(t)Lm(t′) + Ln−1(t)Lm−1(t′)]
+ λλ′~2v2F
kzk
′
z [Ln(t)Lm(t′) + Ln−1(t)Lm−1(t′)] + 8k⊥ · k′⊥L1n−1(t)L1m−1(t′)
EnkzEmk′z
}
and
ΠA(q) = e−q
2
⊥`
2
B/2 1
V
∑
nmλλ′k
e−2(k⊥+
q⊥
2 )2`2B (−1)n+m f (λEnkz )− f
(
λ′Emk′z
)
λEnkz − λ′Emk′z + iω
(B3)
× ~v
(
λ
kz
Enkz
+ λ′ k
′
z
Emk′z
)
(Ln(t)Lm(t′)− Ln−1(t)Lm−1(t′)) ,
where λ, λ′ = ±, and primed variables correspond to a translation by q (for instance, k′⊥ = k⊥ + q⊥). Equations
(B2) and (B3) can be simplified by performing the sum over k⊥ analytically via the following formulae:
1
(2pi)2
∫
d2k⊥e−2(k⊥+
q⊥
2 )2`2BLn
(
2k2⊥`2B
)
Lm
(
2(k′⊥)2`2B
)
= `
−2
B
8pi (−1)
n+m m!
n!
(
q2⊥`2B
2
)n−m
Ln−mm
(
q2⊥`2B
2
)2
(B4)
and
1
(2pi)2
∫
d2k⊥e−2(k⊥+
q⊥
2 )2`2B 8k⊥ · k′⊥L1n−1
(
2k2⊥`2B
)
L1m−1
(
2(k′⊥)2`2B
)
(B5)
=
(
`−2B
)2
2pi (−1)
n+m m!
(n− 1)!
(
q2⊥`2B
2
)n−m
Ln−mm−1
(
q2⊥`2B
2
)
Ln−mm
(
q2⊥`2B
2
)
.
These formulae, of which the validity we have confirmed numerically, are at first sight highly nontrivial. We guessed
them by anticipating that Eqs. (7) and (8) of the main text ought to be equivalent. Indeed, this equivalence is realized
if and only if Eqs. (B4) and (B5) are true.
Armed with Eqs (B4) and (B5), we arrive at
ΠV (q) = −e−
q2⊥`
2
B
2
`−2B
2pi2
∑
nm
[
C(1)nm(q2⊥)Inm (qz, iω) + C(2)nm(q2⊥)Jnm (qz, iω)
]
(B6)
ΠA(q) = −e−
q2⊥`
2
B
2
`−2B
2pi2~vF
iω
{
vF qz
v2F q
2
z − (iω)2
(B7)
+ ~2vF
∑
n>0
(
q2⊥`2B
2
)n 1
n!
∑
λλ′
∫ ∞
−∞
dkz
f (λ~vF kz)− f
(
λ′Enk′z
)(
λ~vF kz − λ′Enk′z
)2 − (i~ω)2
λ+ λ′ ~vF k
′
z
Enk′z
2
}
,
where
Inm (qz, iω) =
∑
λλ′
∫
dkz
f(λEnkz )− f(λ′Emk′z )
λEnkz − λ′Emk′z + iω
1 + λλ′ ~
2v2F kzk
′
z
EnkzEmk′z
2 (B8)
Jnm (qz, iω) =
∑
λλ′
∫
dkz
f(λEnkz )− f(λ′Emk′z )
λEnkz − λ′Emk′z + iω
λλ′
2
2~2v2F `−2B
EnkzEmk′z
(B9)
C(1)nm(q2⊥) =
(
q2⊥`2B
2
)n−m
m!
n!
Ln−mm
(
q2⊥`2B
2
)2
+ nmL
n−m
m−1
(
q2⊥`2B
2
)2
2 (B10)
C(2)nm(q2⊥) =
(
q2⊥`2B
2
)n−m
m!
(n− 1)!L
n−m
m
(
q2⊥`2B
2
)
Ln−mm−1
(
q2⊥`2B
2
)
. (B11)
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In the derivation of Eq. (B7), we have used the fact the transitions from the LL n to m cancel out with the transitions
from m to n, if n and m are both nonzero. When q⊥ = 0, Eqs. (B2) and (B3) simplify to
ΠV (q) = − `
−2
B
2pi2
{
v2F q
2
z
v2F q
2
z − (iω)2
+ ~vF
∑
n>0
∑
λλ′
∫
dkz
f (λEnkz )− f
(
λ′Enk′z
)
λEnkz − λ′Enk′z + iω
1
2
(
1 + λλ′~2v2F
kzk
′
z + 2n`−2B
EnkzEnk′z
)}
(B12)
ΠA(q) = − `
−2
B
2pi2~vF
vF qziω
v2F q
2
z − (iω)2
. (B13)
Equations (B6) and (B7) are the main results of this appendix. They enable an efficient numerical evaluation of
the phonon spectrum in a magnetic field, for the case b0 = 0. The retarded response functions ΠRV (q) and ΠRA(q) are
obtained by analytic continuation (iω → ω + iη) of ΠV (q) and ΠA(q).
It is useful to make two remarks concerning the numerical evaluation of Eqs. (B6) and (B7). First, we notice that
C
(1)
nm(q2⊥) = C
(1)
mn(q2⊥) and C
(2)
nm(q2⊥) = C
(2)
mn(q2⊥). Also, for n 6= 0 and m 6= 0, we have
Inm (qz, iω) = Imn (−qz,−iω) (B14)
Jnm (qz, iω) = Jmn (−qz,−iω) (B15)
Inm (qz, iω) = Inm (−qz, iω) (B16)
Jnm (qz, iω) = Jnm (−qz, iω) , (B17)
which can be proven by shifting the internal momentum kz → kz − qz (for the first two equalities) and kz → −kz
(for the two remaining equalities). These relations allow us to gather terms with opposite frequencies (Inm (qz, iω) +
Inm (qz,−iω) for instance) in the sum of Eq. (B6). This in turn can be exploited to have denominators involving
squares of eigenenergies instead of simply energies in Eq. (B6). As a consequence, the numerical integration over kz
converges better.
Second, a cutoff has to be chosen for the sum over Landau levels. This cutoff, denoted NΛ, depends on the magnetic
field as NΛ ∼ Λ2/(~v`−1B )2, where Λ is a constant. The numerical results for the response functions are rather sensitive
to the value of Λ at low magnetic fields. At high fields, when Landau levels are well separated and the Fermi energy
crosses only a few Landau levels, one can choose NΛ as the highest Landau level intersecting the Fermi energy. In
this case, adding extra Landau levels to the sum does not change the results qualitatively.
2. Response functions for b0 6= 0
Up to now, we have evaluated ΠA and ΠV at b0 = 0. It is not difficult to generalize the results from the preceding
subsection to the more general case with b0 6= 0. We begin by recognizing that, as long as the two Weyl nodes
are decoupled, the Green’s function G0 is block diagonal in τ . Moreover, in each block, b0 can be absorbed by a
τ -dependent shift of the chemical potential. We can thus define node-resolved Green’s functions Gτ0 for each node
of chirality τ , by replacing the matrix τz by the number τ in Eq. (B1). The corresponding node-resolved response
function reads
Πτ (q) ≡ TV
∑
k
tr [Gτ0 (k)Gτ0 (k + q)] =
1
2
[
Π(0)V (µ− τb0) + τΠ(0)A (µ− τb0)
]
(B18)
where Π(0)V V (µ− τb0) and Π(0)V A(µ− τb0) are the b0 = 0 response functions (given by Eqs. (B6) and (B7)) with chemical
potentials equal to µ− τb0. In the right hand side of Eq. (B18), we have used the fact that ΠV and ΠA can be written
in terms of the sum and difference of node-resolved response functions, respectively. As a consequence, ΠV and ΠA
become
ΠV (µ, b0) =
Π(0)V (µ− b0) + Π(0)V (µ+ b0)
2 +
Π(0)A (µ− b0)−Π(0)A (µ+ b0)
2 (B19)
ΠA(µ, b0) =
Π(0)A (µ− b0) + Π(0)A (µ+ b0)
2 +
Π(0)V (µ− b0)−Π(0)V (µ+ b0)
2 . (B20)
These expressions complete the theory of scalar and pseudoscalar response functions in a magnetic field. The reader
can notice that, since the contribution from chiral Landau levels does not depend on the chemical potential, the results
in the quantum limit are not modified by a finite b0, unless |µ± b0| becomes larger than the magnetic gap
√
n~v`−1B .
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Appendix C: Comparison with earlier paper [P. Rinkel, P. Lopes and I. Garate, PRL 119, 107401 (2017)]
The aim of this appendix is to compare the results and formalism from this paper to those of our earlier work.21
In the Supplemental Material of Ref. [21], we obtained the following equation of motion for the phonons:
ω2 = ω2ph,q − 2
√
N
M
Re
[(
iδQq · q
e
)
g∗0 (q)
]
+ N
MV
Vq
ε (q)
(
q ·Q∗q
)
(q ·Qq)
e2
+ V
M
ΠV
(
|g0 (q)|2 + |gz (q)|2
)
, (C1)
where Qq is the total effective phonon charge and
δQq ≡ i e
2V
pi2~2
√
N
ωB
ω2 − v2Fq2
gz (q) (C2)
is the contribution coming from pseudoscalar phonons in an external magnetic field B. In Ref. [21], we knowingly
omitted the last term in Eq. (C1) by arguing that it did not have a significant impact in the phonon dispersion.
However, we unknowingly missed taking the real part in the second term of the right hand side of Eq. (C1) and
multiplying it by two; we have properly restored this term here. Finally, we point out the following change in
notation: what we called Π(q) in our earlier work is equivalent to −~vFΠV (q)/q2 in the present work.
In Ref. [21], we wrote the total phonon charge as Qq = Q(0)q + δQ(q) +Q(1)q (q), where
Q(1)q ≡ i
eV√
N
ΠV (q)
q2 qg0 (q) . (C3)
These were the expressions obtained to first order in the external magnetic field. In the present work (cf. Appendix
A), we have shown that
q · δQq ≡ i eV√
N
ΠA (q) gz (q)
q ·Q(1)q ≡ i
eV√
N
ΠV (q) g0 (q) . (C4)
By inserting Eq. (C4) in Eq. (C1), we obtain an equation identical to Eq. (A44). This proves the formal equivalence
of the phonon equation of motion obtained in different ways in Ref. [21] and the present work.
Despite the formal equivalence, there are important practical differences between our earlier work and the present
work. In our earlier work, we treated the magnetic field to first order in perturbation theory. Accordingly, the dielectric
function was evaluated at zero field. Furthermore we neglected b0 and the chemical potential. The consequence of
these approximations was that the electronic mode hybridizing with the optical phonon came from the pole of the
VVA triangle diagram. In the present work, we have generalized our earlier results to arbitrary strengths of magnetic
fields by going to the Landau level picture. It is interesting that the expression for δQ from our earlier work agrees
almost exactly with the pseudoscalar contribution to the effective phonon charge coming from the chiral LLs. The
difference lies in the fact that ΠA contains a denominator ω2 − v2F q2z , instead of the denominator ω2 − v2Fq2 found in
our earlier work. Using the expression given in Ref. [54] for the Weyl fermion Green’s function, the Taylor expansion
of ΠA to first order in magnetic field reproduces exactly the expression we obtained in the earlier work. Another
difference is that in our earlier work we disregarded the influence of ΠV on the phonon dynamics. This is no longer
a good approximation in the strong magnetic field regime, because ΠV develops a singularity at ω = vF qz, much like
ΠA does. A physical consequence of this is that at strong magnetic fields, the electronic mode hybridizing with the
optical phonon is not coming from the pole of the triangle diagram, but rather from the zero of the dielectric function.
In sum, at low fields, the phonon hybridizes with a pseudoscalar boson, whereas at high fields it hybridizes with a
plasmon.
To prove that our earlier work was valid within the linear response theory, we will show that ΠV (b0 = 0) is
independent of magnetic field to first order in the field. We start from Eq. (B12) (q = qz zˆ) in the zero temperature
limit, and arrive at
ΠV =
µ2
2pi2 (~vF )3
v2F q2z
ω2
δB
1 + 2 b
1
δB
c∑
n=1
√
1− nδB
+O(v4F q4z
ω4
) , (C5)
where δB ≡ 2~2v2F `−2B /µ2 and we have considered the regime vF qz  ω  µ/~ for simplicity. The first term comes
from the chiral LLs and is proportional to |B| whereas the second term comes from the higher LL intraband terms.
22
In order to expand the result in the magnetic field, we fix δB = 1/N (at which ΠV has peaks) with N ∈ N∗. This
yields
ΠV =
2µ2
3pi2 (~vF )3
(
v2F q
2
z
ω2
[
1 +
3ζ
(− 12)
2N3/2 +
1
16N2
]
+O
(
v4F q
4
z
ω4
,
~2v2F q2z
µ2
,
1
N
5
2
))
, (C6)
where ζ(z) is Riemann zeta function. Hence, the non-analytic contribution (∼ δB) from the chiral Landau level is
canceled at low magnetic field and the amplitude of the peaks in ΠV goes as B3/2.
In the limit µ→ 0, we consider interband contribution to the polarization only, which yields the known result8,37
ΠV (µ = 0) = − 16pi2
q2z
~vF
(
5
3 + ln
∣∣∣∣ Λ2ω2 − v2F q2z
∣∣∣∣− ipiΘ (ω − vF qz))+O (B2) .
Here, Λ is the ultraviolet energy cut-off and Θ is the Heaviside function.
Contrarily to ΠV , ΠA has a nonzero linear term in the magnetic field. This term is singular at ω = vF |q|, and
corresponds to the anomalous VVA diagram. In sum, to first order in the magnetic field, it is justified to approximate
ΠV by its zero field value, and to keep the chiral anomaly contribution for ΠA. This is what was done in our earlier
work.
Appendix D: Quantum oscillations in the sound velocity
In this appendix, we provide some details concerning quantum oscillations in the sound velocity (Fig. 7). We begin
by recognizing that the key quantity governing the oscillations is the real part of 1/ε (see Eq. (25)). We follow by
noticing that, in the regime of interest (ω  vF |q|  Γ and q||B),
Re
[
1
ε
]
' − 1
VqΠV 0(q, 0)
. (D1)
This approximation can be anticipated by using the analytical expression for ΠV available in the quantum limit,
though we have also verified its validity numerically at weaker magnetic fields where quantum oscillations arise.
According to Eq. (D1), when ω  vF |q|  Γ and q||B, the renormalization of the sound velocity is largely
determined by the static and non-disordered polarization function,
ΠV 0(qz, 0) =
1
2pi2~vF l2B
1 + 2∑
n≥1
√
µ2 −∆2n
µ+ ∆n
+ 2
∑
n≥1
∆n
~vF qz
ln
(
qz + 2kn
|qz − 2kn|
)
+O
(
~2v2F q2z
∆2n
) , (D2)
where ∆n =
√
2n~vF l−1B and ~vF kn = Re
[√
µ2 −∆2n
]
. Equation (D2) is valid at zero temperature and for vF qz  ∆n
(∀n ≥ 1). The first term in the right hand side (rhs) of Eq. (D2) is linear in B. We find, numerically, that this linear
dependence in the magnetic field is cancelled by the second term in the rhs of Eq. (D2). Thus, much like for the regime
ω  vF qz considered in the previous appendix, the B-dependent part of ΠV 0(qz, 0) at weak fields is superlinear.
Equation (D2) is quite distinct from Eq. (16) of Ref. [55], where a theory of quantum oscillations is presented
for conventional metals.56 As a consequence, the magnetic field dependence of the oscillation amplitudes in a Weyl
semimetal differs from that of conventional metals. A detailed study of these differences is left for future work.
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